, on his 10th birthday, in gratitude for much inspiration, encouragement and computation
Lehmer has computed a further 200 terms which show an erratic upward tendency.
The extent of our present knowledge [5] , [6] On the other hand, we have found [4] , [5] , [6] that of the sequences starting with numbers less than 104, there are 751 which contain a term exceeding 1024; and we have conjectured that an infinite number of aliquot sequences are unbounded. Our aim here is to outline some of the characteristics of the "driver" Despite the tenacity of these drivers, none is expected to live for ever.
We notice that any prime divisor p of n will appear in s{n) just if p divides o{n) and will appear to the same power in s{n) if a higher power divides a{n). If p divides both n and a{n) to the same power, p will divide s{n) to at least that power and to a higher power with probability l/ip -1), i.e., License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use always when p = 2. In fact, the prime 2 will continue to be present unless n is a square or twice a square, and continue to be absent unless n is a square. This fact, more than any other, seems to dominate the discussion of the behavior of aliquot sequences.
A very rough argument in favor of our conjecture goes like this: on the average the value of a{n) -n is greater than n if n is even, and less than « if « is odd. If in the long run other effects are small compared to the persistence of parity, one would expect that most large even sequences are unbounded and that most odd sequences are bounded.
More precisely, since the average order, a, of s{n)/n, taken over even values of n, is greater than one so long as the terms remain even, we expect n : r to be not. The probability that this is a square, or twice a square, is cx/\fn(/, so that the probability that any future term is odd is c2/\fn~, which tends to 0 as n -> °°.
One might ask if a sequence could be shown to be unbounded by displaying a driver which persisted indefinitely. This would only occur if certain prime factors of n would always continue to appear to the same or higher powers in s{n). The prime 2 in fact should keep the same power throughout, since the nature of the driver changes radically when the power of 2 changes. If each of a set of primes divides o{n) to a higher power than it divides n, then we would have achieved the goal. We prove that this cannot happen. If n = 233-5-m, we find it convenient to regard 233-5 as the driver even when im, 15) ^ 1 (and similarly for other drivers) so that the only crucial exponent is that of 2. That is, we draw the line to exclude some possibilities which tempt us on account of their stability, but which rely for this on considerations secondary to the factorization of a(2a) = 2a+l -1. Some further examples which are thus excluded are 23325-13, 25327-13, 25335,and 25335-7.
Define a guide to be 2", together with a subset of the prime factors of a(2a)
A driver is defined as a number 2av with a > 0, v odd, v \ a{2a) and 2a~x | a(u).
This last requirement is included so that the power of the prime 2 will tend to persist at least as well as it does for the driver 2 itself, for which the condition is trivially This is clearly a contradiction if the number of q¡ is 4 or more, so there are just two q¡: 3 +2ql +q2 > q.q2, {q. -l){q2 -2) < 5, ql=2=c and q2 = 3 or 5. Only the latter gives a solution; u = 3 and 293-ll-31 is a driver.
The theorem is proved. Table 1 exhibits The signs 4, t indicate that the driver or guide changes "downward" or "upward".
We are examining the statistical and probabilistic evidence concerning boundedness and unboundedness of aliquot sequences in collaboration with M. C. Wunderlich.
The probabilistic model is a Markov process. An aliquot sequence is in one of a finite number of states; one of a finite set of drivers and guides is in control, or none of them is. We can calculate the expected "life" of a sequence in one of these states and the expected number of terms in which the driver is retained. "Break probabilities" between pairs of states can also be calculated; for example, that from the 233-5 driver to the 2 driver is zero since direct transition is impossible.
We conclude with a table showing the numbers of sequences starting below 103
and below 104 which surpass various bounds. The number of distinct sequences at each bound is also given. 
